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The performance of coded phase coherent systems when
the receiver is designed so that nearly all of the detector can
he realized . by a digital computer has been studied. In parti-
cular the analogue to digital operation has been investigated
with the hope of simplifying this operation so (hat longer phase
coded message alphabets (which achieve better system perfor-
mance) could be realized.

Large alphabet phase coherent codes are of interest
in space communication applications because they trade band-
width for improved system performance. Thus we f[ind coded
phase coherent systems being used for the Pioneer-Mariner 69
Programs and in addition they appear applicable to future
manned space flight programs.

The results obtained demonstrate that simple A/D
converters can be used in nonoptimum detectors to achileve
near optimum performance.
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TECHNICAL MEMORANDUM

The advent of the space age has lead to the development
of new communication techniques since space communication links
have different constraints than are usually found in more conven-
tional communication systems. Thus where space systems are nor-
mally power limited while having relatively large bandwidths the
reverse is true for Earth to Earth linked systems. Therefore
coding techniques which improve performance at the expense of
bandwidth are receiving a good deal of attention, One
such group of codes is M'ary orthogonal and bi-orthogonal binasy
codes transmitted by bi-phase modulating a carrier. This is com-
monly referred to as coded phase-coherent transmissions and has

> 3%
been discussed in great detail by Viterbi.l’d’3

M'ary orthogonal codes are codes which have the following
property. Let {Si(t): i=1,2,...,M} be a set of M orthogonal

code words of length MT. Then

IR

f Si(t)Sj(t)dt
0

There are several ways of generating orthogonal codes.
We restrict our interest to those that are constructed from binary
sequences. In particular we concern ourselves with those codes
that can be generated from Rademacher-Walsh functions, as illus-
trated in Figure 1 for M=2 and M=4.¥¥ Tt can be seen that these

S .|

(1)

]
e
[}
=
“Ho
[}

¥This is to be distinguished from MPSK which trades
performance for bandwidth conservation.

¥¥Given that our code set for M=V is Sl(t) e SV(t), all

of which are Rademacher-Walsh functions, then for M=2V our
code set 1s Sl(t) + Sl(t-VTzv), Sl(t) + Sl(t—VT2V) s

(8 = .
S,(t) + S,(e=VT, ) wve Sy(t) + Sy (t=VT ) wheri Ty 1s the chip
vidth of any symbol in the M'ary code set and SM(t) is the

complementary signal Sy(t).
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FIGURE | - MYARY ORTHOGONAL BINARY SEQUENTIAL CODES (RADEMACHER-WALSH
FUNCTIONS) FOR M = 2 AND M = &4
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illustrated codes satisfy the orthogonality condition given
in equation (1).

The basic communication system model for the trans-
mission of orthogonaly coded phase-coherent signals is given
in Figure 2. The transmitted signal Sj(t) (one of M possible

signals), is distorted by additive Gaussian noise, n(t) while

in transmission. The received signal is then passed through

a carrier detector which coherently detects each of the binary
digits of the transmitted message. The resultant video signal
z(t) (M binary digits long) then represents the best estimate

of the transmitted message Sj(t). z(t) is passed through a

message detector, which is designed optimally from a statistical
decision theory point of view with the result that the signal
z(t) is correlated with the I Sy(t) possible transmitted sigz-

nals to form the set of M energy measures {Uk}. If the energy

measure U, is not greater than all other U, (x¥j) an error
occurs. Y .

The advantage of transmitting orthogonal signals by
a coded bi-phase modulated M'arv sequence over say an M'ary
extension of PSK is that the receiver can be realized with
only one radio frequency carrier matched filter. For UFSK M
such filters are required.¥* Such a requirement is difficult
to realize physically for reasonably large values of I

(M>32).3 In addition coded phase-coherent transmissions allow
one to code biorthogonally which performs at least as well in
half the bandwidth as orthogonally coded systems. It has

been shown2 that when a receiver such as described by Figure 2
is realized for orthogonally coded (or biorthogonally coded)
systems the probability of bit error Pe’ for a fixed trans-

mitter power and data rate, decreases as I increases while

the bandwidth increases by a factor 16%_ﬁ'for orthogonal systems
1 M
2 Tog M

orthogonal systems is illustrated in Figure 3.

and for biorthogonal systems. "The performance of M'ary

In looking at the nhase-coherent receiver as described
in Figure 2 it is to be noted that the M message correlations
are performed at baseband and therefore the use of a digital
processor (computer) to realize the Message Maximum likelihood
detector becomes a possibility if the distortion due to analogue
to digital conversion can be kept within tolerable limits. This
paper is concerned with the design of such an analogue to digital
converter,

¥The advantage of MFSK is that it can be realized non-

coherently so that it can be used in channels where coherence
cannot be maintained.
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FIGURE 3 - PROBABILITY OF ERROR FOR COHERENT DETECTION OF ORTHOGONAL M'ARY CODES
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The simplest analogue to digital converter or quantizer
-1s one which converts all positive analogue inputs into one posi-

tive value while 211 negative inputs go into one negative value,
as is illustrated in Figure U.

Output

+A

Input

Figure 4 Two Level Quantizer

At the other extreme a gquantizer which in the limit
has an infinite number of equally spaced levels essentially
quantizes an analogue signal into an equivalent analogue sig-
nal with no loss of information so that detection can be made
optimum and a performance achieved as described by Figure 3.#¥
In this paper we determine the performance when the A/D con-
verter is but 2 levels and then show that with just a 4 level
nonuniform quantizer a performance can be achieved which
approaches within 1 db of that obtained with an infinite
level quantizer. ¥¥

¥Since the additive gaussian noise in the channel results
in an analogue output from the binary digit carrier matched
filter the A/D converter needs to be infinite to achieve
optimum performance.

¥¥This is demonstrated for M=4 and 8.
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Performance of an Orthogonally Coded Phase Coherent System
‘Using a 2 Level A/D Converter

In this section we assume the detector ié as illustrated
in Figure 5 below.

2 Level

-+ Quantizer

x(t) v(t)

I

v(t)

A

Bcos(w0t+¢)
lessage Maxirur

Likelihood

Detector

A 4

Decision
Device

Out=nut

Figure 5 Orthogonally Coded Phase Coherent
Detection Using A 2 Level S/D Converter

The advantage of using a 2 level A/D converter is
that it reduces the storage requirements for the digital com-
puter used as the Message detector since only one bit has to
be stored for each binary digit of the M binary digit word.

Let us assume that when errors occur in the trans-

mission data stream they occur independently. That is

. P[Error will occur to the ith binary digit of the uth
th

message word/error has or has not occurred to the j
binary digit of the v nessage word, (j$i, when u=V)] =

P[Error will occur to the i°? binary digit of the VP
message].
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We next ask the question how many binary digits of
a message word need be detected in error before an error in
the message word is possible. TFrom equation (1) we know
that when all binary digits are received correctly for the

transmission of the jth word then the jth correlation output
is M while all the other correlation outputs are zero. Thus

when e errors are made the jth correlation output must be
M-2e while a possibility exists that at least one of the
other correlation outputs will be as high as 2e. Therefore,
if

M-2e < 2e
or

M
>
e__h—

there is a possibility that a word will be received in error.

It is reasonable to assume that the binary digit
error rate is less than 1/2 so that the most probable event
that will lead to errors occurs when e equals M/L.

This means that there is at least one correlator

output 1 whose output value is equal to the jth correlation

output where Sj is the transmitted message word and i+j.

To find the contribution to the probability of word error
when e = M/4 we proceed in the following manner. All error
vectors for a given transmitted word say S, in which M/4 error

1 i
occur are generated. There are —MJEL§~—— = ﬁ
(o \y

For each error vector Zyj we compute the inner product <Sizyj>

> such vectors.

for all 1. If we assume that when this error vector is
generated the jth and L other correlation outputs have the
same % output value than with a completely random decision
rule (in case of such ties) we will make an error E%i of
the time. Therefore the probability that an error is made
and e = M/l given that the jth message is transmitted, and
% binary digits are in error in such a manner as to produce

M
e =
rror vector zyj(P(EI e =, S,

J? ZYJ)) 1s

Citoiag e ape

2Ty s TP AP,
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(1-p)

etf'
:#3
5%»

P(El e =7, 8., z_,) =
where
p = probability of a binary digit error.

- Number of correlator outputs with maximum inner nroduct minus ons
YJ Number of correlator outputs with maximum inner product

The probability of word error when e = M/U,
P(E| e = %) is thus

P(E| e

I
==
S
{
=

3
o~
‘.J

1

o}

where

==

kyj (3)

==
[}
i
}_J
4
i
]

Therefore we can write a lower bound to the word error
probability (PL(E)) in the following manner

%M 3

PL(E) = Kp (1—p)HM M

WV
I

(b)*

To obtain an upper bound (Py(E)) we assume that for e > M/L an
error is a certainty. Thus

———e

¥When M = 2 equations (4) and (5) do not apply. However the
same procedure used .to find P (E) for M 2 4 can be used to

obtain for M = 2 P(E) = p.

e P8 (53
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M

P,(E) = P (E) + Z (g) pi(1-p1 M2y (5)%
i1

i=H+l

To illustrate the procedures used to calculate K the
following example will prove helpful. The set of orthogonal
Sj message words or vectors is

84 1 1 1 1

S, 1" 1 -1 -1

S -1 1 -1
3 1

)
For each Sj there are ({) error vectors with e = 1. The four
le vectors are

le 1 1 1 -1
Z1o 1 1 -1 1
213 1 -1 1 1

Zqy -1 1 1 1

Therefore
<Sl le> = 2
<82 le> = 2
<S3 z11> = 2
Sy 237> = -e

¥See footnote on the previous page.
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With the result that

K1 =

wino

To compute K and the upper and lower bounds a computer
program was generated. The program is described in Appendix A.*¥
The results obtained are given in Table I. As can be seen from
the table the bounds are extremely close. Unfortunately the
process of finding k in the manner described for high values
of M becomes unmanageable. As an example with M = 32, over ten

S 2
million (%3) error vectors must be generated. Before we evaluate

the results presented in Table I in detail we derive a second
set of bounds which allows us to obtain information on the per-
formance of 32'ary and 64‘'ary systems.

A Second Set of Bounds

Assume we transmit S{ and % bit errors are made.

o
Now we know that S4 (1#)) is a vector that has % elements in

common with S; (due to orthogonally condition) thus if

J
<Sy Z, 5 (i+j) is to equal % all % binary digits in error

must have been made in the %—elements which are identical in

both Si and Sj' Thus for a given i and j the number of possible

=

y's for which <Si 7 > =

vi is simply the combinatorial

—
3

=R Nl

. Next we note that for each ij there may be more than one

i for which <Si 4 = % is true. However if we assume that

>

YJ

for each such y only one i can satisfy <S, z ,> = % then at
M 1 v)

most (M-1) error patterns (ij's) lead to a possible error.

2
i1
by
If we apply our random decision rule in case of ties then 1/2
of the time such an error pattern leads to errors. Therefore
an upper bound to the probability of error given M/L errors
were made is

e — M

¥It was noted that for M = 4 and M = 8 E ij was independent

y=1
of J. Therefore the program has been written for j = 1 and

1
K = E
le.
y=1
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Table I Bounds on Performance With 2 Level A/D Converter

(M =2, 4, 8, 16)

M= 2
PL(E) = kp(1l-p)
Py(E) = P (E) + p°
M=, 08, 16 "
T (M)
PL(E) = kp (1-p) M
PyE) = P @)+ Y (hp?(1p) )
Y
g+l
Probability of
binary digit I
error
o 2 I 8 16
1 PL(E) | 9 0x10™% 1.5x10% 7.4%10”° 1.Ux10"°
(10~ 1) Py(E) | 1 0x10™ % 2.0x10"1 1.1x10°% 3.1x107°
01 P () | 1.0x107°% | 1.9x107° 1.3%x1073 b, 3%x10~°
- , - - A~
(107 %) HU(E) 1.0x10 2.0x10 - 1.4x10 ° y,7x10 ~
001 P.(E) | 1.0x1073 | 2.0x1073 1.4%x107° 4.8x10" 10
(1073) Py(E) | 1.0x1073 2.0x10”° 1.U4x107° 4 .9%x10” 10
o001 |PLE) | 1 ox10~ Y 2.0x10”" 1. 4x10”7 y.9x10~ Y
- - - — ~TT
(107" |py®) | 1.0x107" | 2.0x1073 | 1.ux1077 | #.9x10
o001 |PLE) | 1.0x20 51 2.0x107° 1.4x1072 L .9x10” 18
(10™°) Py(E) | 1.0x10 5 2.0x10" " 1.4%x1079 i.9x10"+0
000001 |PLE) | 1 0x107% | 2.0x107° 1.4x10" I.9x10”2°
(10-%) Py(E) | 1 0x10~° | 2.0x107° 1.4x10" 1 4.9x10" 22
K 1 1 2 14 490

i T e s T AT (% T
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. My o lonl 2 *
PyE] e=p) = 501-1) | 1 ) p" (2-p) (6)
T
In similar fashion we find that Py(E| e=p+l) is
given by
M ; 2\ [z T2 Fi-1
P (E| e=ptl) = (M-1) || *s\i Nl (1-p) (7)
v | 71 T
while
I} 1
M ,_ 5 2\(2) . 1 (zY3) B2 -2
PU(EI e=pt2) = (M-1) ||, + iy +5luls)ie (1-p) (8)
~ L2 e/ \ “\:
T Tt T

Thus if we add equations (6), (7) and assume that
o ea

P
D
=
oY)
3
"3
3
(]

when the number of errors is 7= + 2 r bound

to the symbol error probability is given by

while if we include equation (8) we have

¥The assumption that for each y only one i can satisfy
<SiZYJ> = % leads to the upper bound represented in equation
(6) is proven on pages 14 and 15.
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(B = BB e=p) + Py(E] e=p+1) 4 P (E] e=pt2)

M

v prap)te (10)

a=%+3

As will be seen shortly, equation (9) is used to
compute the upper bounds for M = 32 while equation (10) pro-
vides results for M = 60,

To derive the lower bound PL(E) we proceed in the
following manner. Assume % binary digit errors in the M'ary

transmitted word Sj' Then for some Zyj and some Si we have

=

(11)

But there may be more than one i which satisfies equation (11).
Let n? be the number of i (i%j) for which equation (11) is true.

Then with our random detection rule for such cases we have that

n .
Y_ of time whenever eguation (11) is true a word error is made.

n +1
Y
The number of unique y for a given i for which (11) is true has
M _
been shown to be ﬁ while the total number of y (#) for which
I

equation (11) is true is bounded by

U]
2 M-1 < 4 <
i nY(maximum7 -

M-=1
nY(minimum)

-+

== oE

S g TR e vy
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Therefore the probability of word error give M/U binary digits
“were detected in error P(E| e=M/4) is bounded by

M gM
0" (1-p) mff%m A

et
S

] -1
o (1-p) 1+nr max (12)
Y

= o=
2200

=

As noted earlier ny(min) is equal to one. To determine
ny(max) we proceed in the following manner. Let Sj be the trans-

mitted symbol. Let the binary digit positions of a given message
word Sa(a+j) in which the binary digits agree be called the a

positions while those in which there is no agreement are called
the b pocitions. We now ask the following guestion; what is the
maximum number of possible symbols (Sa a=l, 2, ..., M) that can

M - . . .
have T @ positions in common? To answer this and with no loss

"of generality we refer to Figure 6.

sj ————————————— mees e e Gm— G—
t
Si e ——— eendndiend mtiean et e K
LM ' M : M '
Py | Dt F M e — a's i
qa s | ub-§ | ub s ;0 1
| | | ]
t
M b Uy by ;
Ta's bogb's I —a's I = b's
¥ P4 g 4 | ¢ |
e i { 1 |
t

Figure 6 3 Message Words With % Binary Digits In Common
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We see from Figure 6 that

<S, S.> =<8, 8> =0
J i

and since each element of each message word can take on onlyv
| one of two possible values

<Si SQ> = 0

and the orthogonality condition for the three words has been met.

We next consider the structure of a fourth message

. X
word Sh given in Figure 7 which has % elements in common with

the previous three message words.

Sh
(% —el—sz)a's (% —sg)b's % —El)
\ I | :
\ ! t | ¥ |
&'g's ! ! !
i i I i
l | 3
4 l A 4
} I ]
el+e2 b's €5 a's €q a's

Figure 7 A Fourth Possible Message Which Has % Binary Digits

In Common With The Message Words Sj’ Si’ and S2

We readily see that

<Sj Sh> = 0
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but

which reduces to

The only message word Sh which can possibly satisfy the
orthogonality condition and simultaneously the % common element
condition is given in Figure 8. Thus we have that at most

there are 4 message words that can have %vof these respective

binary digit elements in common (nmax = 1),
Sn
% a's % a's % b's % b's

Figure 8 The Fourth Possible Message Word

T NI M TP M o e e S ot
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The lower bound to the message error probability is then given by

M %M
PL(E) = I\—q% pH (1-p) (14)

Equations 9 and 14 were programmed. The program is
described in Appendix B. The results of this program are pre-
sented in Table II. In comparing Table II with Table I we sece
that the bounds are not as close as those obtained with the
program described in Appendix A. Nevertheless they allow us
to obtain some useful information as to the performance of a
32'ary system. Equation 10 was also programmed (described in
Appendix B) with the results presented in Table III. Comparing
Table III with Table II we see that the upper bound has been
significantly improved. However the upper and lower bounds for
this case are still very crude.

Table III Upper Bounded Performance Of A 6flU'ary

System Using A 2 Level A/D Converter

p : PylE)
5 9.997 x 107%
.25 2.4 x 107t
1 1.395 x 107°
. 075 .12 x 1077
.05 3.893 x 15%0
.025 3.525 x 10712
.01 5.813 x 107°°
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Table IT Bounds on Performance of a PSK Coded System Using a
‘ 2 Level A/D Converter
(M = 16, 32, 64)

5\ B (n-1)
P, (E) = Mﬁl ﬁ p (1-p) !
T
M\ M M M . "
2\ B (- T\ L/ M)
P, (E) = 1 2ot aepy P R < Ne-p T p
T RS T
M
v 2 BT
=2
D M 16 32 61
5 P, (E) 4y.0x10"3 2.3%x107° .1x10710
P, (E) 9.7x10"% 9.9%x10" % .999x10”t
P, (E) 3.2x107% 1.5%x10"3 .2x10~°
.25
P, (E) 4.3x10"+ 2.8x10+ .3x10 %
P_(E) 7. 4x10"3 8.0x10™° .0x10~1
1 i,
P, (E) 3.1x10"° 1.3x1075 .8x107°
075 P, (E) 3.3x107 3 1.5%x1072 .2x10” 10
P, (E) 1.1x10"° 1.5x107° .ox10™ 7
o5 P, (E) 8.9x10™ " 1.1x10~° .ox10” 12
PU(E) 2.6x10”° 6.5x10’6 .5x10‘9
0o P (E) 7.6x107° 8.3x1077 .5x10717
Py(E) 1.8x107 2.7x107° .8x10™ 4"
P, (E) 7.6x107° 8.3x10712 .8x10723
.01
Py (E) 5.0x107° 1.9x107 4 .5x107 %%
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To obtain a meaningful comparison of the data
presented in Tables I through III the values of p are con-
verted to equivalent values of the ratio of signal energy
per bit to noise spectral density. Since each binary digit
is transmitted as a bi-phase modulation the relationship
of p to the ratio of binary digit signal energy to noise
spectral density 1s given by the performance curves of a
bi-phase modulated optimal detection system and is presented
in Figure 9. Since each message contains M binary digits
and carries log?M bits of information the conversion from

binary digit energy to bit energy is given by

ME (binary digit)

Tog, W = E (bit)

where E (bit) is the equivalent received energy per information
bit
E (binary digit) is the received energy per binary digit

of the transmitted message word.

In Table IV the binary digit error rate is given as
a function of the bit energy to noise spectral density (E/NO).

Table IV Message Binary Digit Error Rate {(p) As A Function
Of The Received Information Bit Energy To Noise
Spectral Density (E/NO bit)

D 1071 1072 1073 107" 107°

E
}E(binar’y digit)

(in DB) -1 4.y 7 8.5 9.2

T Tt i T e - AT A (G e R A T TT T TR I ey T s
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Table IV (Continued)

M

M E/N, (binary digit) + 10 log,, Tgégﬁ
2 " + 3.0
4 " + 3.0
8 " + L, 2
16 " + 6.0
32 " + 8.1
64 "o + 10.3

Using Tables I through IV the upper and lower bounds
of the M'ary probability of symbol error is plotted in Figure 10
as a function of the received bit energy to noise spectral
density and compared with ordinary P3K. It is to be noted that
for M > 8 and at least up to M = 64 performance improves as M
increases. Although the bounds for M = 32 and M = 64 are very
crude, they do show this phenomena occurring and in addition
present results which even on a symbol error basis are an
improvement over ordinary PSK.¥ That is if we assume that the
1og2M bits of each M'ary word were not chcsen in sequence but

represented quasi-random data then the following transformation
from symbol to bit error rates can be used

o
Prit(B) = 5mo1y Psymbo1 (E)

¥It is obvious that if there were no improvement over
ordinary PSK there would be no reason to use this more complex
coding scheme-which utilizes so much more bandwidth.
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and the improvement over PSK is seen to be even greater. Thus
we have come to the interesting fact that even though the
guantizer eliminated all but sign information improvements in
performance is achieved as the coding is made more complex.

It would be interesting to determine the performance of this
receiver when M goes to infinity to see if it achieves the
same performance as the optimum receiver.

Performance Of An Orthogonally Coded Phase Coherent Detector
Using A 4 Level A/D Converter

In this section we assume the detector is as
illustrated in Figure 5 except that the 2 level quantizer is
replaced by a four level quantizer. The four level quantizer
is described in Figure 11.

Va\
z(t) OUTPUT

2 boom o ar p——

/\ 7\ -
-5 —=| - 5 - CINPUT z(t)

Figure 11 A 4 Level A/D Converter

As can be seen in the illustration, a positive input into the
quantizer is converted to one of two possible values. The
quantizer is assumed to have odd symmetry so a negative signal
of equal amplitude experiences the same transformation except
for the sign change. As can be seen from the diagram, all
values of the input y(t) for which

-

ly@e)| ¢ 8

have an output y(t) satisfying ly ()] = 1 while |y(t)]| = 2

R e ot S A
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~

for |y(t)| 2 6. The question arises as to what values

"should § be for best performance. This is answerea in the fol-

lowing analysis.

Let the transmitted signal ks(t) be defined as
ks(t) = kr(t) A cos(wyt + ¢)#

where
k is the reciprocal of the channel propagation loss factor

r(t) is a random binary digit of duration T seconds with
equal probability of being equal to 1 or -1

¢ is a uniformly distirbuted random variable
AT = %% (binary digit)

with E (binary digit) is the received signal energy per
binary digit

The signal is corrupted by additive gaussian noise
n(t) which is given by

n(t) = nl(t) cos th - ng(t) sin wot

nl(t) and n2(t) are identically distributed zero mean
gaussian random processes each of whose spectrums is white
N
with 7; the two sided noilse spectral density. The received
signal (x(t) = s(t) + n(t)) when multiplied by a coherent sine

wave (refer to Figure 2) and integrated results in an input to
The quantizer given by

¥*A more generalized representation of a bi-orthogonal PSK
transmission could be used. However there is no loss in
generality in using this simpler model.
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T :
y = SAg(t) + Bré}l‘,‘)A j cos 2 wy t dt +
0

T e
—,%f nl(t) C082 wot dt - %f nz(t) sin wot cos wyt at
0 0

Given r(t), y(t) is a gaussian random variable
(integration is a linear operation) with the mean of y given

by y = %g—(ﬁ under the assumption¥

111
%f cosZthdt'-—YO
o

The variance of y is computed below

T T
o2 - EE Efn, (t;)n,(t)] cos® WwAt. cos® w.t., dbt. db. +
y T2 1V717710 72 071 072 1 2
0 0

m T
5 T
B . .
? f f E[nz(tl)ng(tg)] coswotl coswo‘c2 sinwgt, 51nwot2 dt1 dat
0 0

¥This occurs if we design our systems such that

T
2wOT =7 +nr (n: 1, 2, 3, ...) or iff cos2w0t dat << T.
J
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Taking the eXpectatlon and using the assumption of
white noise this reduces to

under the assumption that

T
jr COS « th dt = 0
0

where o is a positive integer.

The probability of a Dlnary digit being received in
error p is then given by

Ply>0| r(t)=-1] P(r(t)=-1) +

p =
Ply>0] r(t)=1] P(r(t)=1)
This reduces to
1 ® (y+%§ 2
= P[y>0] T o j; exp - 5 0? dy

and can .be written in terms of the complementlng error function
erfc as

p = % erfc( Jn(bin;ry digi.’;)) (15)
o
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Equation (15) is the error rate for a bi-phase
modulated signal as is to be expected. '

In the 2 level quantizer case only sign information
of y was extracted. The 4 level quantizer extracts more
information from y and enables us to design our system to
take advantage of the "tailing off" nature of the gaussian
distribution. Thus we will soon see that we can decsign a
4 level quantizer so that nearly all the time we do not make
error the guantizer output is at its highest welghting (r2)
while nearly all the time errors are made the guantizer out-
put is at its lowest weighting *1.

We return to our analysis. 1In figure 12 the prob-
ability density function of y is sketched assuming
g = 4 and r(t) = -1.

A

NORMAL DENSITY FUNCTI!ON
_ 7

b(1-P) N
+2 CORRELATION:>

ap
-2 CORRELATION

QUANTIZER LEVEL SETTINGS

NN\Y  PROBABILITY y < 0 - NO ERROR - (I-P)

Z/4  ProBABILITY y > 0 - ERROR - (P)

FIGURE 12 - PROBABILITY DISTRIBUTION OF POSSIBLE INPUTS AND OUTPUTS FOR A
4 LEVEL A/D CONVERTER ASSUMING r(t) = -1

TR A T R L IR IO R
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The distribution has been divided into four areas
"representing the 4 possible quantizer output levels and their
resultant effect upon the correlation operations which take
place in the likelihood detector. Thus if we assume that r(t)

was the 1ith binary digit of a message word Sj(t) then its
contribution to U,. would be iji where¥*

11
Ujj = E iji + Constant (i=1 term) (16) %%

2 with probability b(l-p)

Vs 1 with babilit 1-b) (1~
j31 = with probability (1-b)(1l-p) (17)
141 -1 with probability (1-a)(l-p)
-2 with probability a p
On the other hand %—of the other energy measures (Ujk: k#j and
k: 1, 2, ... M)would have a binary digit weighting factor
V. . given by
Jki
-2 with probability b(1l-p)
) -1 with probability (1-b)(1-p) (18)
Vv =

jki 1 with probability (1-a)(l-p)
2 with probability a p

¥Maximum likelihood detector operation results in errors
if Ujj < maX{Ujk: k#j i: 1,2,...M}.

¥%C is either equal to X 1 or ¥ 2 and is the same for
all Ujk whether or not it was detected in error. The message

structure is such that all first binary digits in each of the
words is positive.

P ep— SRS R S v e - Ty e T it
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The parameters a and b are given by*¥*

_(yr2)? |
) 2
1 20y
_..__f e dy = 1-a (19)
19 oy vam b
and
1 -6 —(y+2)2/20 2
‘ e Y ay = b (20)
(l—p)ov¢2n .
To calculate the lower.bound to the symbol error
: M\
probability for this case we generate the (%. ij error

vectors as in the previous section (2 level quantizer analysis)

but now for each ij there are 2M

each binary digit of the message can take on one of two possible
I

values.¥* Thus a total of 2M (%) error vectors are to be cal-.

culated and for each the Uji energy measures are computed and

different weightings since

compared to see if an error has -been made. Thus we may write
the lower bound to the symbol error probability as

' M
M 3M 1 '
P2 = phep? DL LD ko, (t, Mo, s, M )

y (21)
t M
afpS(1-a)"  (1-p)3/MM-s

¥Note § = £ §

2
U
¥¥The (;) error vectors represent the possible ways in
Ti,

which % binary digits of a transmitted word can be received
in error (before quantization).
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where
. i T_ . Iy
0if Ujj > (Lji)max i#£3
kyts = 11if (Uji)max > Ujj (22)
L=l 371, 0., (i#j) are equal to U,
L Ji N Jd
In Appendix C a computer program is described which
computes for a given M the 2M M} error vectors, {k } and the

yts
PL(E) and PU(E) values.

The M = 4 and 8 cases were programmed. The results
are presented in Figures 13 through 16. In Figure 13 the bounds
on the probability of symbol error are nlotted as a function of
bit energy to noise spectral density and for the optimum &
quantizer settings. Comparing these results with those presented
in Figure 3 we see that for the M = 4 and 8 cases a 4 level
quantizer performs within a db of the optimum (infinite level
quantizer) detector.

The optimum § setting is plotted as a function of
the chip energy to noise spectral ratio in Figure 14 to deter-
mine if the § setting is independent of M. As can be seen
from the graph § is dependent upon M.

The sensitivity to 6 is studied in Figures 15 and 16.
In these figures the lower bound to the symbol error rate is
plotted as a function of the normalized quantizer level setting
8§ for several values of the received bit energy to noise spectral
density. It can be seen that in both the M = 4 and M = 8 cases
the higher E/N0 is or the lower the PL(E) (or PU(E)) value the

more critical is the § setting. Thus we see that for E/Nj = 16

and M = 4 there is more than a 2 order magnitude dlfference in per-
formance between the results of a 2 level quantizer (§=0) and _the
optimum 4 level guantizer. It is interesting to note that a § =8
setting is nearly optimum for all.values of E/N in the communi-
cation range of interest, for both M = 4 and M = 8. Thus it

would be reasonable to design a 4 _level quantizer which was
adaptive just to one measurement y (the d.c. voltage into the
quantizer) since § =y (§=.8).%

¥For optimum 4 level quantizer pérformance two measurements

are required, y and o
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(CHlP)

FIGURE IU - COMPARISON OF OPTIMUM 5 SETTING AS A FUNCTION OF
(CHIP) FOR M=% AND M=8
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CONCLUSIONS

When using a 2 level A/D converter, it was shown that
an M'ary coding improvement could be achieved. Compared to
optimum M'ary detection this receiver did rnot perform nearly
as well. However, for M = 32 it was shown that performance
was better than ordinary PSK.

A system using a four level A/D computer was shown
able to perform to within a DB of optimum nerformance (for
M = 4 and 8). To obtain this performance &z receiver would

have to be designed to measure the d.c. voltage y and the a.c.
power 03 into the A/D converter and adaptthe quantizer level setting

3 based on such measurements, If §is set equal to.8y it was
shown that nearly optimum 4 level A/D converter performance
was achieved. Thus for such a setting only one measurement
need be taken.

It would be interesting to extend this work
experimentally to determine if the conclusions obtained in
this paper for low values of M hold for higher values of M.
In addition a study of digital detection of bi-orthogonal and
cyclically permutable codes are natural extensions of this
paper.
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APPENDIX A

Upper and lower bounds for symbol error probability
where error weight factor is computed exactly, for two level
quantization.

By Natalie M. Myerberg
I. PURPOSE

To compute upper and lower bounds for symbol error
probability, where error weight factor is computed exactly,
for two level quantization.

II. METHOD

A set of error vectors are generated, representing
all possible combinations of M elements, with M/4 errors. The
inner product of the error vectors with each signal vector is
compared to the maximum inner product value (M/2) and an i-th
error vector as a result of these comparisons.

K(I) = Number with maximum inner product value -1
Number with maximum inner product value

The error weight factor (KK) is the summation of the i-th error
weight factors (K(I)'s). The error weight factor is used in
computing the lower (PEL) and upper (PEU) bounds for symbol
error probability.

CpEL = (k) (p)V/H (1-p)(M-M/1)

M

PEU = PEL + 5 ()T (1-p) -7

1]

P

J=%+1

where P is the binary digit error probability ranging from

1071 to 107°.

IIT. INPUT
M - Order of symbol alphabet

S - Signal vectors

PA——— B e TRTLT TR v Lo de s e s - sy e —
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Appendix A (Cont.)

M is read from the first card and S, an MxM array, is read
from the remaining cards.

- Iv.

ROUTINES USED

COMB - Finds combinations used in computing the
upper bound for symbol error probability

KM16 - Computes error weight factor.
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~ AN

CUMPUITE

€ COMPUTE

~C

COMPUTE

y~
AR |

AlM-11)=-1

TTPY=71+1

DO 20 J=11P1,14
MMTIPI=NM~T11P]

DO 7 13=1,M111P]
Acr12)=1

A(Mag)==~1

JP1=J+1

DO 10 K=JP1,,<tND
MMIP1=M=JP |

DO B T4=1.MMJP]
AlTay=1

AlM=K)=~1
WRTTF(S4Y (A(T Y 1=14M)
Pz i+
TFINCHMNG FR L 1) G0 10 20
COMTIMUF
[FINCHMGEQeZ2) GO TO 40
COMTINUE

CONTINUE

CONT [NUE

REVIND 4

THIS PROCEDURL DONE FOR S1 ROW HBY [OW
FEAD ONE ROW OF THE FPRROR VECTOR

Krl16=0

DO {0 T=14M
READ(GY{A(TA)Y s TA=T4M)
MMAY =0

IMNER PRODUC

DO 60 L=1s4M

IP(L)=0D

DO 50 K=1,M :
IP(L)=IP(L)I+S(LsKYHRA(K)

K(l) FOR ROw |

IF(IP (L) e FOWMAX) NMAX=NMAX+]
CONTINUE

IF(NMAXFQer) MMAX=]

KMAX= (NMAX=14)/MNMAX

K BY SUMMING K(1)

KK 16=KK1A+KMAX
FOPMAT(IH 41614)
RFTURM

[ X

P —

e e
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TITLE  MAIN

¢
C .
¢ AUYTHOR N, MYFRRERG
N _
-
T STONMNEOR Le SCHUCHMAN
C DATES 11-15~67
s B
C PURPCSE CTO COMPUTE UPPER AN. . TWER BOUNDS FOR PROBABRILITY OF
C SYMBOL ERROR FCR RC .- -EVEL QUANTIZATION.
C : .
¢ METHOD THF ERFC FUNCTION 17 TEDOTO COMPHITE PeAGAND Ve wlH10H A
C USED IN COMPUTING T: 7 ~OUHNDS L or PROBABILITY OF § Lpogp
« ’ :
C oINpPUT THROVIOH MNAMEL TST
c Fr FIPST VAL — =277 bFzbn
o FINC INCRFMFNT =77 E/N0
c FFND LAST VALY = & E/NnN
c NELO FIRST VALY T 7P DEL A
c DELINC INCRIMEMT 777 DELTA
C DELEND FINAL VAL S TR DEL1A
¢ N ORDER OF v . L ALPHALET
C 2
r THROUGH READ STATEMT 7
7 S5 STGMAL VEZT 7 A5 [(S5=VIETORS)
C CuTPuT £ F/NO USFDR " FOLLOWI ™G COMPUTATIGHS
c DFLTA VALUF OF 77 75 BSED IN COMPUTING A ARD B
C P P=FRFC(SN-~""/iin))y /.
'e ‘ P REPRFSFITT FROEBALBTLITY OF RINAFY DIGIT FRADH
C F F=(l1+B)/ (7~ ~7)
¢ A A=FRFCISC=T " T /NOYR UL eNFUTAZ2y) 7 (2%T7)
C B B=1-FRFC(. .- TCE/NOY S (1 =DELTA/2)) /(2%(1=P))
C +P/(1-P)
c PU UPPER RO, TOR PROUARTLITY OF FRPOD
C CPL LOWER ROous, P0R PROCARTLITY OF [lp0R
-
C Sypr, usrp ERFC TQ COMPUTE %8 C
- COMP TO FIND 0 DHATTION: _
g LMD TG COMPUTI 7 7PROR Wl [GHT FACTOPR
;
IMTEGER S
DIMFNSION S(8,.8)
COMMON § .
NAMELIST/ZINPUT/ZENGET N sEEND I Lo DELINCG o DELFND N
(
iTo READ(54 INPUT)
READ(S5s1N4Y C(S{Ted)sds1sN)oI=14N)
174 FORMAT(1613)
MCHNG=N/4
F=Fn
Fl=(R,/"e)¥F
INDEX=0
= Y T S I L | AT W 1 T e v TR o TR R 1 R L MY PR T SRV T
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PF1I=pF

Ny 70 JEMCHNAY
r‘r'u.—pr.{wror.'n(H,\J DR AR O B R o YEE ML )
MPTTE(Ga208) D

FORMATCIHA 5y, 1p =V 1P iGeRa /)y
VRITE(E 203 ) pr '

FORMAT (1HA, PEL - '3 1PE16,48)
MPTTE(G 200y P

FORMAT (1M 1Py = 15 1PF14,8)
TF(PeLE S F-2) GO TD 1

P:D-}‘. l
o0 TA
FrMD




TITLE
AUTHOR
PDATE

PURPOSE

AN NN

=

™~

4

|

10

o)

CIF(NNGLTNIGO TO 5
COMR=X(R+1,JJ)
"RETURN
TWRITE(6,100)

TR L O T ST oD

CCOMB
" Cehs FRIEND
1P-16-67

GENERALTZED ROUTINF FOR FINDING COMBINATIONS FOR I

LARGF AS 200 USIMG PASCAL TPIANGLI

CFUNCTTON COMR (NI )

IMTFFGFR R
DIMENSION X(200,2)

TF(ReGTeNIGO TO 20
STFARGFQaD PR REGNIGO TO 1

GO TO 3

- C(\MR=1 .

© RFTURN
COMB=N

. RETURN

M=N+1

DO 4 L=1,2

DO 4 K=1,M

XKl )=n,

X(1s11=17.,
N'\.’-:ﬁ
CONTINUF

JEMOD (NN 42 ) +] ,

JI=MOD(MNN+142)+1

NM=NN+1

XUY1eJdU)=X116J)

DG 10 I=14NN

CXCI+YI s U =X (T 004X (141 4J)

FORMAT (10X s *ERROF 1N COMBINATION N =t,15,1R =1,]5)

GO TO 16

END
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APPENDIX B

Upper and lower bounds for symbol error probability,
where error weight factor is upper and lower bounded, for two
level quantization.

By Natalie M. Myerberg and Carol A. Friend
I. PURPOSE
To compute upper and lower bounds for symbol error
probability, without computing error weight factor exactly
for two level guantization. Error weight factor is upper and
lower bounded.

IT. METHOD

Generalized formulas for the upper and lower bounds
for symbol error probability are used:

A. Lower bound

Iy ) (M-7)
_M-1 (2} . '% T
PEL = —= M) P - (1-P)
T
B. Upper bound for M < 64:°
. M M M M
PEU, = ‘o \ﬁ) P (p) U +g'\§l
2 L\t
M M M
5 (+1) [M-(F+1) ]
M 2
e % « (M-1) - P - (1-P)
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Appendix B (Cont.)

o
=
e
h

) PEU,

for M >

PEU

i
J
=
(e

M

M
h+2

.
~
=

|
=
St

ITTI. INPUT

M

PP

M and PP are read from data cards using Namelist.

M

3

J=(+2)

M

T+l

(1-P)

pd . (1-p)I1=9)

N
——
HE R

=
s

Order of symbol alphabet

Probability of binary digit error

PP

is an array containing as many as seven elements each representing

IV. ROUTINE USED

a binary digit error probability.

COMB - Finds combinations used in computing the>lower
and upper bounds for symbol error probability.
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FOR
TITLE

AUTHOR
SPONSOR
DATF

PURPOSE

METHOD

INPUT

ouTPUT

POUTINES
HSED

ANANINIANANNANANAANANNANNNNNANND -

. o)

’

BOUNDS s BOUND &
ROUNDS

N. MYFRBERG

Le SCHUCHMAN

10-30~67

GENERALIZED ROUTINE FOR FINDING LOWFR AND UPPEE BOUNDS
FOR PROBARILITY OF SYMBOL ERROR FOR TWO LEVFEL
QUANTIZATICN :

WEIGHT FACTOR IS UPPER AND LOWER BOUNDED

THROUGH NAMELIST

M ORDER OF SYMBOL AULPHABET

PP PROBABILITY OF BINARY DIGIT EFRROR

PRINTED

M ORDER OF SYMBOL ALPHABET

PP PROZABILITY OF BIMARY DIGIT FRROR

PEL LOWER BOUND FOR PROPARILITY OF SYMROL FREFOR

PFU UPPER RQUIND FOR PROBABILITY OF SYVLROL FRPOR

COMRB USED TO FIND COMBINATIONS IR COMPUTING PFL
AND PEU

DOUBLFE PRFCISION PGPFULFEL s COMB

DIMENSION PP(T) -
NAMELTIST/ZINPUT/M/PINPUT /PP

READ(54PINPUT)

READ(S5,,INPUT)

WRITE(6,104) M

FORMAT(1H1+s57Xs'M = t,13)

NCHNG=M/ 4

NCHNG1=NCHNG+1

" MCHNG2=NCHNG+?

NCHNG3=NCHNG+3

NREG=MNCHNGZ2

MAX=My2

DO 20 1=147

P=PP (1)

PEL=({(M=14)/4e¢ ) *COMB(MAXsNCHNG) ¥PH¥NCHNG® {1 ¢ =P ) %% (M~NCHNO

PEUZ ((M=14) /26 )5COMBIMAX ¢ NCHNG Y #P# #NCHINGY (1 4 =P ) ¥ # (M=NCHNG

o VH{COMBIMAX yNCHNGT)I+NCHNGR (COMB(MAX s NCHNG ) ) ) % (M=14 ) %2P3#3% (MCHNGT ) 2 (
ol e=P) A% (M_NCHNGI1)

L)

1F(MeGFeH4) NBEO=NCHNG?

NO 1IN J=NRFG M

PEU=PEU+COMB (Mg J) #PRXJR (] =P ) %% (M=)

IF(MeLTe64) GD TO 12

PEU=PEU+ (COMBIMAX ¢NCHNGZ2)+COMB IMAX s NCHNGL)Y * (M4/2)+45%
COMB{MAX s NCHNG) ¥ COMB(MAX 32 ) ) ¥ (M=1 4 ) %P X% (NCHMG?)
*(lo—p)**(o75*M"20) *




12 ' WRITE(Gy101) P

101 FORMAT(THN 54X 4P = 1,FB46)
WRITE(6,102) PEL
102 FORMAT(IHNSYPEL = t,1PD16.8)
WRITE(6,103) PFU '
103 FORMAT(1H S 'PEUI = 1,1PD16e8s//) '
20 , CONTINUF
GO TO 1
END ‘




e YN N Y

AN NN D

e}

(]

TTTLF
ATITHOR
DATE

PURPOSF

o

4

\n

10

16
20
120

COMB
CoAs FRITND
ln""l()“()-/

GFNFRALIZFD PCUTINE FOR FINDING COMPINATIGHS FOR N A
"LARGE AS 200 USINA PASCAL TRIANGLI

FUNCTION COMB(NsR)

INTEGER R
‘DIMENSION X(200+2)

IF(ReGTNIGO TO 20
IF(ReEQeNaOReRLENOJNIGDO TO 1
IF(ReFQe1eORaRGEG, (K-1))16G0O TO 2
GO 10O 3

COMB=1.

RETURN

OB =N

RECTURN

M=N+]

DO 4 L=1,42
Do 4 K=1 o M
X(KelL)=n,

Xt1s1)=1.

NN=D

CCONT INUFRE

J=MOD(NMN42 ) +1
JI=MODINN+142)+1

NN=NN+1]

X(1eJU)=X{(14sJ)

DC 1n I=14sNN .
‘X(l+19JJ)=X(I9J)+K(I+19J)

TF(NNeLTN)GO TO 5

COMB=X(R+14JJ)

CRPEFTURN

WRITE(6,100) .

FORMAT({ 10X s 'FRROR [N COMBINMATION H =018 40F =1 ,1%)
GO T0 16 .

. END

PPORE

.
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BELLCOMM, INC.

APPENDIX C

Upper and lower bounds for symbol errorAprobabilty
for four level quantization.

By Natalie M. Myerberg
I. PURPOSE

To compute lower and upper bounds for symbol error
probability for four level guantization.

IT. METHOD

Error vectors are generated representing all possible
combinations of M elements with M/4 errors. For four level
quantization, the elements of these error vectors are weighted,
and, consequently, each element may assume one of four possible
values after gquantization. Two quantized element values
represent error (-1, -2), while two represent non-error (+1,
+2). Thus, the entire array of error vectors for four level

My
gquantization contains %j (2)" error vectors of M elements each.

Corresponding to each quantized element value of an
error vector, is a numerical value representing the probability
that an element will be quantized with that value. Given that
an error was made with probability P in the channel, then A
is the probability that the error will be guantized as a -2
value; and (1-A), as a -1 value. Given that no error occurred
with probability (1-P) in the channel, then B is the probability
that the error will be guantized as a +2 value; and (1-B), as
a +1 value.

QUANTIZED ELEMENT VALUE NUMERICAL VALUE
2 | (B)(1-P)

’ +1 (1-B) (1-P)

- -1 (1-4) (P)
-2 (A (P)

oy
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BELLCOMM, INC. - 2 -

Appendix C (Cont.)

where

3
1

ERFC [/ré: (1+DELTA)J

NO 2
A= 2P
ERFC { s (1-9E%35J
B=1- 5(1F) + P(1-P)
ERFC |/ E—)
P = B NO , the binary digit error probability

Thus, assigned to each error vector is a weight value
which is the product of the numerical values corresponding to
the quantized element values of the error vector.

Another weight factor (AK) is assigned to each error
vector according to values obtained by computing the inner
product of the error vector with each signal vector.

Number with maximum inner product wvalue -1

¥ =
(AX = fomber with maximum inner product value. >

except if the first inner product value is less than any
other inner product value for that error vector, in which
case AK = 1).

The final weighted contribution to the lower bound for
probability of symbol error caused by each error vector is the
product of the two weight factors assigned to it. Since

PM/u(l—P)(M—M/u) can be factored from each assigned weight value,
the weighted contributions of each error vector are summed

(SUM), and then multiplied by PM/U (l—P)(M'M/u) to result in
the lower bound for probability of symbol error.

e b

ol



BELLCOMM, INC. - 3 -

Appendix C (Cont.)

IIT.

M
PEU = PEL + ; (?) )Y (1-p) M=I)
il |
INPUT

EO - starting value for E/NO (ratio of energy per chip
to noise spectral density)

EINC -"increment for E/NO
EEND - last value for E/NO

DELO first value for DELTA (normalized quantizer lever

setter)

DELINC - increment for DELTA
DELEND -~ last value for DELTA
N - order of symbol alphabet (M)

S - signal vectors

EO, EINC, EEND, DELO, DELINC, DELEND, and N are read

from data cards using namelist. S is an N XN array, read from
the remaining data cards.

V.

ROUTINES USED
ERFC - Computers ERFC

COMB - Finds combinations used in computing upper'
bound for symbol error probability

LBND - Computes error weight factor (SUM) for lower
bound for symbol error probability.
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TITLE STANSH
AITHOR Me MYLRIBFRG
DATE 11-16-67

PLIRPOSE TO GFNERATE AN ARRAY OF SIGNS FOR THE ERROR VECTORS Fo
N=« '

[ Na e e e e Na lia Wal

SUBROUTINE STIGNS& (NsMSTGN)
DIMENSTION NSIGN(28,8)
DO 5 I=14N
DO 5 J=1,N
5 NSTGM(1,J)=21]
=1
DO 10 J=1,44
CNSTIGN(Ts5-J)==]
I=1+1
. TF({1eFNe5) RFTURN
10 ' NSTIGN(T45-J)=1
' RETURN

L

TITUF , SIGNS

PUTHOP Me MYFRRFRG

;
i
'S
C DATF 11-13-67
el : )
C PURPNGE . TC GFNEPATE AN ARRAY OF SIGNS FOR THE ERROR VECTORS FOF
c N=8
c
CSUBRQUTINE SIGNS(NGMSIGN)
DIMENSION NSIGM(28,8)
DO 5 1=1,28
DD 5 J=1,8
5  UNSIGN(T.Jy=1
e
DO 20 J=1,7
CONSTON(T sM+1=J) ==1
PO 1N K=J,7
NSIGN (I ¢N=K)==]
T1=T141 :
CIF({1eENe29) RETURN
NSIGN(IsN+1=-J)==1
10 NSIGN(IsN=-K)=1
2" MSIGN(IsN+1=-J)=1
PFTURN
FAD

L




AN Y YA NANANAA AN

TITLF
AUTHOR
DATE
PURPOSE

TNPUT

ANTPUT

1N

L T N T e R 28 T LT AT

NONFE

Ne MYFRPFRG

11-13-67

.~ TO GENERATE ON TAPE A VECTOR OF N ELEMENTS

THROUGH CALL LIST
M OPDER OF SYMROL ALPHARFET

i}

EQUAL

L NUMBFR WHICH FLFMENTS ARE FOUAL TN

ON TAPE

CNA(N) VECTOR GFMERATEN

SUBRONTIME NONE(N,L)

DIMENSION NA(8)

plg] 10 I'-‘lsN
NA(]) =L
WRITE(4Y(NACTT Yy 11=1,N)

. RFETURN
END

T L7
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TITLE
AUTHOR
DATE

PLRPOSE

1NPUT

SUTPUIT

NNE
Me MYFRRERG
11-13-67

TO GENFRATE A SET OF VECTORS REORFSENTING ALL POSSTILL
COMRINATIONS OF N THINGS TAKEN OME AT A TIVE

THROUCGH CALL LIST

N ORDFR OF SYMPROL ALDPHARET

L CNUMBFR TR RF DISTRIRITED

M " NUMBER REMAINING ELEMIMTS FQUAL
OM TAPE

NA SET OF VECTORS GENFERATED

SUBROUTINE ONE (Mgl 4ty
DIMENSION NA(8)

DO 5 I=1.M. '
NA(T)Y=L

DO 10 J=1,N
NA(N+1=J)=M
WPTTE(4)(NACTT)sI1=]4N)
MA(MN+TI-J) =L

. RETURN

T TR TR

IRRR N £ A 4 St e

END

TR



TITLF

-
-

C oLnTHee
: _
mONATS

.

~ ~ panhoc

THonT

TPy

w0

My MYIRRERG

11-13-67

TN GENERATE A CET 0F YPCTORS REDPRESENTIMG ALL PCSSIPLE
COMPIMATIONS OF N THIMGS

TAVEM TWO AT A TIMF

M ARREDR OF SYMBOL ALPHALFT
L MUMBER T RE NTSTRIRUTED M FACH VFCTCOR
LY

MUVEFR REMATMING

0N TARE

’

L
‘.A‘c_y\!i’i,!?()! ITIME TWwO(NSL M)

f

DIMENSION NA(S)
NO & J=14NM

SNA(T) =L

NM]=N—]

MONPINES IS SN

NA (M= gy =

PO 17 K=J,tn

NA (M=K )=t

WRITE (4) (NACTT) s 1121 4N)
NA (M=K ) =L

MA (M+1~) =L

RPETHIRM

FNA

FLEMEMTS FQUAL

S MA SFT OF VECTORS GENERATED

Eled ook e TR ST TR AT
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TITLE T THREF
AUTHODR T Ne MYFRRFRA
PATE . 11-13-67

PURPOSE 1O GENERATE A SFT.OF VECTORS REPRESFNTING AL POSSIPi[
" COMRINATIONS OF N THINGS TAKEN THRFFE AT A TIME

INPUTS N ORDFR OF SYMBOL ALPHABET
"L MUMBER TO BF DISTRIBUTED IM LCACH VECTOR
M NUMBER REMAINIMNG FLEMENTS EQUAL

~UTPUT - "ON TAPE
‘NA SET OF VECTORS GENERATEN

" SURROUTINF THRFE (NGL oM)
DIMENSION NA(8)
DO 5 I=1,4N
5 ' CNA(I)=L
: ' CNM1=N-1
NM2=N-2
DO 30 I=1,KM?
TNAIN+1-1)=M
DO 20 J=14NM2
MA(N=-J)=M
DO 10 K=J4NM2
NA (NM1-K)=M
WRITE(G4)(NACTT )Y II=1,N)
10 NA (NM1-K) =L
20 NA (N=J) =L
20 NA(N+1-1)=L
RETURN
END

Talk T — . — LR A e N TEERRITEIT T 1Y TT T TR AR SN T2 D et T T T N T ST SOTBN Y XV e e Tk - 1T Ty e et 7 AR Aot
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TITLE

AUTHOR

NATF

CHRPOEF

INPUT

onTPaT

1f‘
2n
a0
40"

FOUR

Ne MYFRBERG

11~-13-67

TO GFNFRATFE A SET NF VFCTORS REPRESENTIMNG AL POSSIRLF

COMBIMNATIONS OF N THINGS TAKEN FOUR AT A TIME

N NUMBER OF FLEMIENTS OF FACH VECTOR

L NUMBER 1O BE DISTRIFUTFD IN UACH VICTIGR
M NUMBER REMAINING ELFMENTS EQUAL

ON TAPF

NA SET OF VECTORS GENERATED

SURROUTINF FOUR(N L o+M)
DIMENSION NA(8)

DO 5 I=1,N

NA(TI)=L

NM3=N—3

DC 40 I=1,NM3
NA(N+]-]})=M

DO 30 J=1,NM3
NA(N=-J) =M

DO 20 K=J4NM3
NA(N-1-K)=M

DO 10 LL=KyNM3
MAIN-2~LL)=M
WRTITF(4)Y (NAITT Y1 T=14M)
NA{N=2-LL)y=L

CNA(N=1-K) =L

NA(N=JY =L
NA(N+1-1)=L
RETURN

END



COTITLY
O ANTHOT
CODATE

- DUnPeSE

Pal

14

-
-

comMy

C.;"

FRIFMD
1n~16-67

CEMFRALTIZED

LAPGE AS 210 UISTNG

FUNCTION

COMB IR

INTFGER R
DIVMEMSION X(20042)

IF(PeiTeMIGE TO 20

TR R eTNeNe IR e R EN G NIGD

FOUTIME FOR FIMDING
PASCAL

TRIANGLE

o g

Ic(")of”"?o] .‘\v?.[".rﬂ).(!‘?—l))fo TO 2

TN 2
COMP=Y,
RETURM
CoOMR=N

RETURM

MeN+)

DG 4 L=1,2
S04 Kz ) g
X(Kel)="

y{") ):].

NM=A

CONT [ NUF
J=MOD(NMe2 )+ 1]
JI=MON(MKN+142)+1
NN=MM4]
X(1sJJ)=X{1sJ) "
DO 1~ =1 4MN

X{I+1sJJ)=X{1eJ)+X(I+1s)

TF(LMeLTeNICO TO 6
COMP=X (F+14JJ)
PETON

WRITE(64100)
FOR“AT(10Y 4t FRROR M
GO TO 16

END

COMRIMATION N

CONBINATIONS

FOR

N

A

AN

D A S O e
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TITLF FRFC

AUTHOR ' N. MY FRAT RO

DATE 11-9-67

PURPOSE . TO CALCULATE THE ERFC FUNCTION FOR A GIVEN X

METHOD X LESS THAN 1451 TAYLOR'S SERIFS :
: X GRFATFR THAN OR ECUAL TO 1451 CONTINUFED FRACTIONS

FUNCTICN FRFCIX)
- DIMENSION T(101)
IF(XeLTaleB51l) GO TO 2
FPFC=FXP(~X%H2 )% [ ( (%X )/ (XHH24 ¢B=0 5/ (X¥H242 5=/ (XXX 44,
05 =T e/ {XX%246¢5—-1NBN3/ (X%¥2+44269)))))) ‘
CERFC=FRFCX(24/SQRT(3,1415927))
" RETURM :
2 T(1)=X
’ SUM=T (1)
PO 10 I=1,10n :
TOIH1)m=((2e¥T=1 o ) uX#R2ETCINIZ0T¥{24%T 404
SUM=SUM4T (T+1)
_ TF(ARSIT(I+1))=1eF=10) 141410
1 FREC=1e=((2e/SORT(3,1415927))#51M)
’ RE TURM
10 CONTINMUE
RETURM
END

gt T T N 01+ o
o -
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NANAANAAANANAANANLL.OANAANAAANNANNNANANNNANANANNY NN AN

TITLE o LBND

AUTHOR ‘Neo MYERBERG

SPONSOR . Le SCHUCHMAN

DATF - - 11-14-67

PURPOSE TO COMPUTF THFE ERPCR WEIGHT FACTO" USED IN CGHAPUTINA

UPPER AND L[LOWFR BOUNDS FOR PRCBABILITY OF SYMIOL [RROW,

METHCD GFNERATE ERROR VFCTCRSe ASSICH NUMERICAL VALUL (AJl=A,
. By OR (1-B} TO EACH QUANTIZED ULEMENT VALUE OF EACH [TEROR
VECTOR ACCORDING TO THE VALUE OF THE ELEMENTS  ASSTGN
A WEIGHT FACTOR (AK) TO EACH ERROR VECTOR ACCORDING TC
VALUES ABTAINFED BY COMPUTING THE TNNFR PRODUCT QF THFE
-ERROR VFCTOR WITH EACH SIGNAL VFC10R. THE FINAL WFIGHT
FACTOR ASSIGNED 7O [FACH ERROR VECTOR IS THF PRODUCT OF
THE MUMERICAL VALDES AND THE WFIGHT FACTOR FOR THAT ERROQ
VECTOR. THE ERROR WEIGRHT FACTOR 1S THE SUM 3F THE FI1MNAL
SWETGHT FACTORS ASSIGNED TO EACH EIFROR VECTCP,

INPUT : THROUGH A CALL LIST
N ORDER OF SYMPOL ALPHARET
AA A=VALUE COMPUTED IH FAIN PROGRAN
B B~VALUE COMPUTED IN MALIl PROGRAM
INDEX INDICATES IF ERROR VECTORS MUST PE GEMERATED
THROUGH COMMON .
) ‘ SIGNAL VECTORS (S=VECTORS)
OUTPIT " THROUGH CALL LIST
- SUM ERROR WEIGHT FACTOR
SUBRe. USED COMB
_SIGNS:
_-S1GNS4
NONE
"~ ONE
“TWO
THREE
FOUR

SURROHUTINE LAMD (N gAAs [ s SHUM s TNDFX )

INTEGER A,S

DOURLF PRECISION ATERM,DPTERM,TLRE ,DAUM
_DIMENSION 5(858) sNSTGR(2858) sNA(8) 1A (8) sKA(R)
COMMON S :

MTWOS=2e%%N
NCHNG=N/4 -
NSIGNS=COMB N NCHNG)

lF(N.FO.a) CO TO ]

e -




aNaRalia!

~

AR

CALL SIGMSENGMSTIGM)
6o 70 2
CALL SIGMSH{NyMNSTIGN:

IF(INDEXsFNel) GO T 3

GENERATE ERROP VECTORS

FIND FXPONFNTS FOR As(l=A) 40y (1~B)s AND FIND PRODUCT CGF THLAF

TERMS

CONMPUTE

REWIND 4

CrLL HMONE (M1
CALL CGHFE(Ns1,42)
CALL THD(Ns1,2)
CALL THRFE(Ns142)
CALL FOUR(Ns1s2)
IF(MaF Qe GO TO 3
CALL TwWC(B8s241)
CALL CHE(B84251)
CALL MOME(8,42)
REWIND 4

PsuyM=neDN

DO 70 TT1=1.NTWCS
READ(AYINACT) s 157 4M)
DG 70 T=14NG1GNS

Do 3an

~t

Jl'-] ( I 9J' )

—

NXx=0

Ny =0

Mx=n

My =n

DO 25 135=14M
ITF(A(T25)4F0e1) NX=MY$]
JTF(ALTR5 )Y Ne2) NY=MNY+]

TJF(A(TI35 Yl Qe=11) My=MX+1

IF(A{I35%)eFQe—2) fMY=MY+]

CONTINUE

TR ANXHNY o NE o N=HCHNGY GO TO 99
TF AMX+MY o NF a NCHNG) G TG 99

ATEFRM= (1 4DN=DBLE(AA) ) #¥MX*¥DBLE (AAY 2
TF(AAGFE N le e ANDGMX 2 1) ATFRM=1,100

SIRNG

BTFRM=(14D0=DRLE(R)) 2 xNXEDRLF () %x My

IF(RBeFNe1l s ANDJNXLFQe0) HBTFRM=1,Dn
TERM=ATFRMEBTFERM

INNER PRGDUCT OF ERKOR VECTOR WITH

COERFESPONDING W TCHT FACTOR(AK)

DO 60 J=1,N
KACJS)=0

FACH

S

VECTOR

IS

FING

R




DO 50 K=i,t

=

a0 KACIYSKALS)+S U6 KYRN (K
“» TF{JelNely) KMAY=KA({])
TFUVAL) o GToKMAX ) KMAX=VAL(Y)
6O COMTIMNUF
-
IF(KACTY o LTeKMAXY GO TO 66
N "KCNT=0
DC 65 K65=7 4N
JF(KATKGOS) o EQeKiMAX) KCONT=RCNT+1
- 65 CONTINUE
IFAKCMT«FQel) KCNT=1
AK=(KCNT=-1e) /KCNT
GO TO 67
66 AK=1,
C
67 DSUM=TERM*AK+DSUM
C
GC TO 710
C .
GO WRITE(6,200) A
200 FORMAT(1IHQO s tERROR FOR A =14814)
¢ .
70 CCONTINUF
SSUM=DSUM
PETURN
FMD
L
n
R ——— o T YTRET3  APT Sap  A T T ar

e



e i LR S 8514

C TITiF MATNM
. 7
COANTHOR Me “WYFRRERG -
N r
' S e abIAN a & Le SCHUCHMAN
ToTART 11-15=-567
.
T PP rsE TO COVEPOTE JPPER ARD LOWER HGUNDS FOR PROBABRILITY OF
< SYNMBOL ERPCK FCF PO LEVEL GUANTIZATION.
CONFTamD HF ERFC FUNCTION 15 USED TG COYPUTE PaA AND £y wh1CH ARE
- LSED TN COMPLUTTNG THE BOUNDS FOR PRGEACTLITY OF FRECR
rorennT THRPOUIAE MAMEL AT
c e FIRST VALUE FOR F/nn
C Fyne INCREREMT FOR E/NO
. EEND LAST VALUE FCR E/ND
C nELn FIRST VALL'E FOR DFLTA
¢ DELTNC . INCRFMEMNT FCR PRELLTA
“ DELEND FIRAL VALUF FOR DELTA
- N CRDEM OF ovy»y ROl ALPHALET
’ THROUCH RFADR STATEMI
- S SIGMAL ’F(TCPS (5=-VECTORS)
CTOCATRNT F . F/NA LIAED [N FOLLOWING COMPUTATIONS
s DFLTA VALLF OF DELTA e N COMBHTING A ARD B
- P P=FRFCASORTIT/MNY)Y/2
‘ PORFPEFSFNTS PROBABILITY OF BINARY DIGIT FRROR
d F Fe(1l4P) /(2 +A4+7)
’ & CAEERFCUSORT(E/NCYR(I+DELTA/ 2y ) /(2%
s 0 Pz l-FeFC(SURT (R /N )Y * (I—DLLTH/Z))/(ﬁ'\\l—P))
C +P/01-P)
‘ P UPPREL ROUNT FOR PRGEARILITY CF FRPOR
s PL LOWER BOUMD FORE PROEARTILITY OF [RPOR
TOGTIRT . iern TRFC TO CONPUTE FPEC
c CAMR TO OFIND COMBIMATINANS
g LaMND TS COMPYUTE ERROR wWEIGHT FACTOR
-
. INTOGIR S
. ’ DIMEMASTION S{Bs48)
- COMMON 5
, . NANVELIST/ZINPUT/EN, ELNC,FEM, DELOSDILINCSDELEND s I
AR READ(S5, INPUT)
READ(S 104 LS {Ted)ed=1aN)sI=1sN)
104 FORMAT(1612)
-
MOHMG=N /6
F=Fn
TR/ ) ®F
INDEX=n
C



o

3

C

171

102

173

o)

eHe8)

TWRITE(64201) ELEL

P=ERFC(SQRT(E)) /2,

NDELTA=DFLO

A=ERFCISQORTIF} X (1 +NFLTA/Z2e) )/ (2%

WRITF(64102) DELTAGF 4l

CPP=P

CCALL LBND(HsAsBPL s INDEX)
PL=PL*PXENCHNC® (1a=P) % ¥ (11=HCHNG)
PU=PL

 JSTRT=1+N/4

DO 10 J=JSTRTN

PU=PU+COMBIN ¢ J Y ¥PPX J% (] o ~PP) %3 (M=)
WRITE(65s1N3) PP LPUSPL

CDELTA=DELTA+DEL INC

INDEX =]
IF(DELTALTSDELEND) GO TC 2

CE=E+EINC

"EF1=(8e4/36)*E
CIF(E«GTLEEND)Y GO 7O 100
TGO TO 1

FORMAT({IHL 43X YCHIP F/NO =V3F6eZa6X'RTT LL/HNO

FORMAT(IHOSIDFELTA = 131PE164842X s F =1 ,1PF1AaB2Xs A =1,]
ePF164842XstP =141PF16.8)

B2 e=FREC(BORTUF ) ¥ (1oa=NFLTA/2e3)/(2¢%(1a=D) )40/ (] 4=
CF= (1 e4B)Y/ (2644 N)

=V G F2,04//

CFORMAT(IH s'P =13 1P 16eRs2Xs Pl =V sIPF164842X'PL =1,1PE]

;END

A B
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